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aSt.Petersburg State University, St.Petersburg, Russia
The problem of the restoring of the equivalence between Light-Front (LF) Hamiltonian and conventional
Lorentz-covariant formulations of gauge theory is solved for QED(1+1) and (perturbatively to all orders) for
QCD(3+1). For QED(1+1) the LF Hamiltonian is constructed which reproduces the results of Lorentz-covariant
theory. This is achieved by bosonization of the model and by analysing the resulting bosonic theory to all orders
in the fermion mass. For QCD(3+1) we describe nonstandard regularization that allows to restore mentioned
equivalence with finite number of counterterms in LF Hamiltonian.
1. Introduction
Light-Front (LF) Hamiltonian approach to
Quantum Field Theory, proposed by P. Dirac
[1], uses, instead of usual Lorentz coordinates
x0, x1, x2, x3, the coordinate x+ = (x0 + x3)/
√
2
as a ”time”, and x− = (x0 − x3)/√2, x⊥ =
(x1, x2) as ”spatial” coordinates. The quantiza-
tion surface is x+ = const. Corresponding Hamil-
tonian P+ = (P0+P3)/
√
2 acts in LF Fock space.
The ”mathematical” vacuum in this space coin-
cides with physical vacuum state, defined by LF
momentum operator P− ≥ 0. This simplification
of the vacuum description essentially facilitates
nonperturbative eigenvalue problem for the P+.
However there is general difficulty related with
the singularity at p− → 0, specific for LF formu-
lation. So called naive regularization of this sin-
gularity is achieved by the cutoff |p−| ≥ ε > 0. It
cuts out zero modes (p− = 0) of fields and breaks
Lorentz and gauge symmetries. The other known
regularization, Discretized Light Cone Quantiza-
tion (DLCQ), uses the cutoff in the x− (|x−| ≤ L)
plus periodic boundary conditions for fields in
x−. Then the momentum p− becomes discrete
(p− = pn = pin/L with integer n) and zero modes
(p− = 0) are expressed through nonzero modes
via solving canonical constraints. Gauge invari-
ance can be kept in this regularization scheme.
However the solution of the constraints for zero
modes is very complicated due to the nonlinear-
ity of these constraints [2]. Furthermore there is
ordering problem of quantum operators in these
constraints.
Both mentioned regularizations break Lorentz
invariance. This can lead to a violation of the
equivalence between LF and Lorentz-covariant
formulations (after removing of the regulariza-
tion). The question about this equivalence can
be answered in perturbation theory. It was sup-
posed in [3] and proved to all orders in [4] that
for nongauge theories, like Yukawa model, it is
sufficient to modify only the parameters, already
present in naive LF Hamiltonian, to restore this
equivalence. It was also found for these theories
that the discussed equivalence can be maintained
without any modification of LF Hamiltonian if
one uses Pauli-Villars ”ghost” fields for ultravi-
olet (UV) regularization. A possibility to use
LF nonperturbative Hamiltonian approach with
Pauli-Villars fields was also investigated recently
in [5].
For gauge theories naively formulated on the
LF (in the Light Cone gauge, A− = 0) it is
much more difficult to restore the equivalence
with Lorentz-covariant formalism. The compar-
ison of corresponding Feynman diagrams of LF
and Lorentz-covariant perturbation theories (for
the simplest choices of UV regularization) shows
a difference between these perturbation theories.
This difference can not be compensated by adding
2finite number of counterterms to the naive LF
Hamiltonian [4]. Only the complication of the
regularization scheme by including ghost fields
(similar to Pauli-Villars ones) allows to restore
the equivalence with finite (but large enough)
number of such counterterms in LF Hamiltonian
[6]. We describe this scheme in sect. 3.
The question about mentioned equivalence be-
yond the perturbation theory in usual coupling
constant can be answered for simpler gauge field
model like two dimensional QED (QED(1+1)),
however, only to all orders in different perturba-
tion theory (in fermionic mass). In this model we
can bosonize the theory and analyze the equiva-
lent scalar field model within corresponding per-
turbation theory (which is nonperturbative with
respect to original coupling constant).
Let us consider this more simple example of
gauge theory at first, and then return to more
realistic gauge theories like QCD.
2. QED(1+1) on the LF
The QED(1+1), defined originally by the La-
grangian
L = −1
4
FµνF
µν + Ψ¯(iγmDµ −M)Ψ, (1)
can be transformed to its bosonized form [7], de-
scribed by scalar field Lagrangian
L =
1
2
(
∂µΦ∂
µΦ−m2Φ2)+
+
MmeC
2pi
cos(θ +
√
4piΦ), (2)
where m = e/
√
pi is Schwinger boson mass (the e
is original coupling), C = 0.577 . . . is Euler con-
stant, and the θ is ”θ”-vacuum parameter. Here
fermion mass M plays the role of the coupling in
bosonized theory so that perturbation theory in
this coupling corresponds to chiral perturbation
theory in QED(1+1). The nonpolynomial form of
scalar field interaction leads in perturbation the-
ory to infinite sums of diagrams in each finite or-
der. It can be proved [7] that some partial sums
of these infinite sums are UV divergent in the
2nd order, whereas for full (Lorentz-covariant)
Green functions these divergencies cancel (re-
maining only for vacuum diagrams). Therefore
physical quantities are UV finite in this theory.
Only at intermediate steps of our analysis we need
some UV regularization.
We compare LF and Lorentz-covariant pertur-
bation theories for such bosonized model using an
effective resummation of perturbation series in co-
ordinate representation for Feynman diagrams [7]
and also using the methods of the paper [4]. The
results of this comparison can be formulated as
follows.
The difference between considered perturba-
tion theories can be eliminated in the limit of
removing regularizations if we use instead of the
naive LF Hamiltonian
H=
∫
dx−
(
1
8pi
m2 :ϕ2 : −γ
2
eiθ:eiϕ: −γ
2
e−iθ:e−iϕ:
)
,
γ =
MmeC
2pi
, ϕ =
√
4piΦ, |p−| ≥ ε > 0, (3)
the ”corrected” LF Hamiltonian:
H =
∫
dx−
(
1
8pi
m2 :ϕ2 : −B :eiϕ : −B∗ :e−iϕ :
)
−
−2pie−2C |B|
2
m2
∫
dx−dy−
(
: eiϕ(x
−)e−iϕ(y
−) : −1
)
×
×θ(|x− − y−| − α)v(ε(x
− − y−))
|x− − y−| . (4)
Here the terms, linear in B and B∗ (new cou-
pling constants), are of the same form as in naive
Hamiltonian, only the term, containing the |B|2,
is of new form (nonlocal in x−). The α is the UV
regularization parameter, and the v(z) is some
arbitrary continuous rapidly decreasing at the in-
finity function, going to unity as z → 0. The cou-
pling B can be perturbatively written as a series
in γ:
B =
γ
2
eiθ +
∞∑
n=2
γnBn. (5)
On the other side, it is related with the sum
of all connected ”generalized tadpole” diagrams
(i.e. diagrams with external lines attached to only
one vertex), which is described by the ”conden-
sate” parameter A = γ2 〈Ω| : ei(ϕ+θ) : |Ω〉 of the
3Lorentz-covariant formulation (the |Ω〉 is physical
vacuum state in this formulation):
B + |B|2w = A, (6)
w =
2pie−2C
m2
∫
dx−
θ(|x−| − εα)
|x−| v(x
−). (7)
The eq. (6) can be solved with respect to the B:
B = − 1
2w
+
√
1
4w2
+
A′
w
−A′′2 + iA′′, (8)
where A = A′ + iA′′, and the sign before the
root respects the perturbation theory. Within the
perturbation theory in γ one cannot remove UV
regularization (α → 0 and therefore w → ∞)
in this expression due to UV divergencies of the
coefficients Bn. However, taking into account the
validity of the eq. (6) to all orders in γ, we can
consider it beyond the perturbation theory. Then
we use the estimation for the A at α→ 0 [7]:
A =
γ2
4
w + const (9)
and get for the B in α→ 0 limit UV finite result:
B =
γ
2
eiθˆ(θ,M/e) (10)
so that all information about the condensate is
contained in the phase factor eiθˆ:
sin θˆ = 2
ImA
γ
= 〈Ω| : sin(ϕ+ θ) : |Ω〉. (11)
Then we can make a transformation, inverse to
the bosonization, but on the LF. Actually we need
the expression only for one independent compo-
nent ψ+ of the bispinor field
(
ψ+
ψ
−
)
due to the LF
constraint, permitting to write the ψ− in terms of
ψ+. One can use the exact expression for the ψ+
in terms of the ϕ obtained in the theory on the
interval |x−| ≤ L with periodic boundary condi-
tions [8,9]. We need only to modify our corrected
bosonized theory by using discretized LF momen-
tum p− instead of continuous one and hence re-
placing the cutoff parameter ε by pi/L. The nec-
essary formulae for the ψ+ has the following form
[8,9] (we choose here antiperiodic boundary con-
ditions for the fermion fields):
ψ+(x) =
1√
2L
e−iωe−i
pi
L
x−Qei
pi
2L
x− :e−iϕ(x) : .(12)
The operator ω and the charge operator Q are
canonically conjugated so that the ψ+ defined by
the eq. (12) has proper commutation relation with
the charge. On the other side the operator eiω
shifts Fourier modes ψn of the field ψ+ [8,9]:
eiωψne
−iω = ψn+1. (13)
If we separate the modes related with creation
and annihilation operators on the LF:
ψ+(x) =
1√
2L
(∑
n≥1
bne
−i pi
L
(n− 1
2
)x−+
+
∑
n≥0
d+n e
i pi
L
(n+ 1
2
)x−
)
, bn|0〉 = dn|0〉 = 0, (14)
we can define the operator eiω uniquely by speci-
fying its action on the LF vacuum |0〉 as follows:
eiω |0〉 = b+1 |0〉, e−iω|0〉 = d+0 |0〉. (15)
In such sense this operator is similar to a fermion.
We can now rewrite our corrected boson LF
Hamiltonian in terms of ψ+ and e
iω. The result
is remarkably simple:
H =
L∫
−L
dx−
(
e2
2
(
∂−1− [ψ
+
+ψ+]
)2 − iM2
2
×
×ψ++∂−1− ψ+−
(
Me eC
4pi3/2
e−iθˆ eiωd+0 + h.c.
))
. (16)
This fermionic LF Hamiltonian differs from cano-
nical one (in corresponding DLCQ scheme) only
by last term, depending on zero modes and vac-
uum condensate parameter θˆ which can be related
with chiral condensate by transforming the vari-
ables in the eq. (11):
sin θˆ = −2pi
3/2
e eC
〈Ω| : Ψ¯γ5Ψ : |Ω〉. (17)
Our result can be formally reproduced if we mod-
ify (by proper additional zero mode contribution)
4the constraint equation, connecting the ψ− with
the ψ+ on the LF. An analogous modification of
this constraint was got in the paper [10] where
the method of exact operator solution of massless
Schwinger model was applied.
We have some preliminary results of nonper-
turbative calculations of the spectrum of lowest
bound states with our LF Hamiltonian. These re-
sults agree with lattice calculations in usual coor-
dinates [11] for all values of couplingM/e (θ = 0).
This confirms the hope that our LF Hamiltonian
is valid nonperturbatively.
3. QCD(3+1) on the LF
Now let us discuss our results for (3+1)-dimen-
sional QCD reported in [6]. They concern the
question about the equivalence of LF and Lorentz
(and gauge) covariant perturbation theories for
QCD. The main difficulty in the analysis of this
problem for Green functions results from addi-
tional pole singularity at p− → 0 in the gluon
propagator in Light Cone gauge A− = 0 [4] (we
use the Mandelstam-Leibbrandt form):
−iδab
p2 + i0
(
gµν − pµnν + pνnµ
2p+p− + i0
2p+
)
. (18)
The distortion of this pole due to LF cutoff |p−| ≥
ε > 0 does not disappear in the limit ε→ 0, and
infinite number of new counterterms are required
to compensate this distortion [4]. The simplest
way to avoid this difficulty is to add small mass-
like parameter µ2 in the denominator:
1
2p+p− + i0
−→ 1
2p+p− − µ2 + i0 , (19)
and take the limit ε → 0 before µ → 0). To de-
scribe this modification with local Lagrangian we
need to introduce ghost fields A′µ in addition to
conventional Aµ. We write the free part of pure
gluon Lagrangian as follows (using higher deriva-
tives and the parameter Λ for UV regularization):
L0 = −1
4
(
fa,µν
(
1 +
∂2
Λ2
)
faµν−
−f ′a,µν
(
1 +
∂2
Λ2
+
2∂+∂−
µ2
)
f ′aµν
)
, (20)
where faµν = ∂µA
a
ν − ∂νAaµ, f ′aµν = ∂µA′aν − ∂νA′aµ
and Aa− = A
′a
− = 0. Interaction terms depend
only on summary field A¯aµ = A
a
µ +A
′a
µ .
At fixed µ and Λ we get a theory with bro-
ken gauge invariance but with preserved global
SU(3)-invariance. We put into the Lagrangian all
necessary interaction terms (but with unknown
coefficients) including those that are needed for
UV renormalization (these terms are local and
can be taken in Lorentz covariant form due to the
restoring of this symmetry in the ε → 0, µ → 0
limit)
L = L0 + c0∂µA¯
a
ν∂
µA¯a,ν + c1∂µA¯
a,µ ∂νA¯
a,ν +
+ c2A¯
a
µA¯
a,µ + c3f
abcA¯aµA¯
b
ν∂
µA¯c,ν +
+ A¯aµA¯
b
νA¯
c
γA¯
d
δ
(
c4f
abef cdegµγgνδ +
+ δabδcd
(
c5g
µγgνδ + c6g
µνgγδ
))
. (21)
In such a theory one can apply the methods of the
paper [4] to compare (at ε → 0) the LF pertur-
bation theory and that taken in Lorentz coordi-
nates within the same regularization scheme. We
find that the difference between mentioned per-
turbation theories can be compensated by chang-
ing of the value of coefficient c2 before the term of
gluon mass form A¯aµA¯
µ,a in naive LF Hamiltonian
of this theory. After that we can analyse further
our regularized theory in Lorentz coordinates and
even make Euclidean continuation.
It is possible to prove by induction to all orders
[6] that in the limit µ → 0, Λ → ∞ our theory
can be made finite and coinciding with the usual
renormalized (dimensionally regularized) theory
in Light Cone gauge [12] (for all Green functions).
To get this result one needs to choose the un-
known coefficients ci before all counterterms so
that the Green functions in each order coincided
(after removing the regularization) with those ob-
tained in conventional dimensionally regularized
formulation and therefore satisfied Ward identi-
ties. Besides, we need to correlate the limits
µ → 0 and Λ → ∞ to avoid infrared divergen-
cies at µ → 0. It is sufficient to take µ = µ(Λ)
and to require that µΛ→ 0 and (logµ)/Λ→ 0.
Our resulting LF Hamiltonian for pure SU(3)
gluon fields contains 7 unknown coefficients, in-
cluding coefficient before gluon mass term that
takes also into account the difference between LF
5and Lorentz coordinate formulations of our regu-
larized theory. The generalization of our scheme
for full QCD with fermions is described in [6]. In
this case there are 10 unknown coefficients in the
LF Hamiltonian. We hope that it is possible to
find an analog of Ward identities relating the co-
efficients ci at fixed Λ. This problem seems very
important for our approach.
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